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1 INTRODUCTION
Introduction to this paper...

2 RELATED WORK
This section describes some related works.

3 OUR APPROACH

This section describes the main concept of our approach. First, each
uncertain object is treated as a random variable following a probability
distribution. Then, the similarities among these uncertain objects are
estimated according to the entropy theory. At last, an MDS algorithm
is employed to build a visual representation of uncertain objects which
maximally proximate the similarities measured in a high-dimensional
space.

3.1 Uncertain object and probability distribution

In this paper, each uncertain object which possesses more than one
observation is regarded as a random variable following a distribution
in a domain . Typically, the exact probability distribution of each
random variable is unknown beforehand. However, it can be derived
from its observations.

As we know, kernel density estimation(KDE)[6] is a non-
parametric method to estimate the probability for a random continuous
variable X. Given a set of observations for a random variable, a kernel
function is centered at each observation. And the density at a given
position is the sum of influence from all kernels. In practice, a pletho-
ra of kernels can be used for estimation such as Gaussian, Tricube,
Epanechnikov, and Cauchy kernels. In this paper, Gaussian kernel
function is adopted. Finally, a 1D estimator is defined as:
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where X is the i-th observation of random variable X , h is the band-
width. The straightforward extension to higher dimensions can be
achieved by treating multivariate Gaussian as a product of univariate
Gaussians[4]. As a result, a d-dimension estimator is:
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here Xk(i) is the k-th component of an observation X @, hy, is the band-
width at the k-th dimension. For simplicity, a uniform bandwidth is
adopted such that Eq. (2) is rewritten as:
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3.2 Dissimilarity estimation

The dissimilarity (distance) measure between pairs of data instances
plays an essential role in most multidimensional projection techniques.
And the concept of Euclidian distance has prevailed in a large number
of multidimensional projection approaches. It is simple and easy to

use. However, we can not find a direct definition of Euclidian distance
for uncertain objects.

A naive way to quantify the dissimilarities among uncertain objects
is to replace each uncertain object with the mean value of all obser-
vations and use the Euclidian distances to approximate the dissimilar-
ities. Unfortunately, this simple strategy suffers from a large amount
of information loss. For example, the distribution of each uncertain
object would be ignored by using only the mean value.

In the filed of probability theory and statistics, the Jensen-Shannon
divergence is a very popular metric of measuring similarity of two
probability distributions. It is derived from the Kullback-Leibler diver-
gence which is always defined in a discrete domain. In our approach,
we simply extend it to a continuous domain as:
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where, p(x) and g(x) are the probability distribution function of un-
certain object P and Q respectively. Typically, we set the base of log
as 2 such that J(P||Q) is bounded by 1. Only P and Q have the same
distribution does J(P||Q) become 0. By convention, 0log0 is defined
as zero. Similarly, Olog g is treated as zero as well.

Consequently, we derive the dissimilarity between a pair of uncer-
tain objects P and Q as the summation of the Euclidian distance be-
tween their mean values and the Jensen-Shannon divergence[2] be-
tween them.

d(P,Q) = AE(P,0)+6J(P||Q) 5)

Here, P and Q are the mean value of uncertain object P and Q, J(P||Q)
is the Jensen-Shannon divergence, A and 0 are two user adjustable
parameters, and 4,6 € [0, 1].

In summary, our derived dissimilarity can not only captures the ge-
ometrical information within a uncertain dataset, but also can portray
the statistical differences among uncertain objects.

3.3 Projection
4 |IMPLEMENTATION
4.1 Accelerating probability density estimation

As we can see that the probability distribution for each individual un-
certain object can be directly calculated by Eq. (3). However, the com-
plexity highly depends on the number of observations and the dimen-
sionality of the uncertain object. Of course, an offline pre-computation
process can be utilized. But this would require much more disk re-
sources to store the pre-computation results because of the infinite in-
tegration domain D.

In fact, given n uncertain objects with m observations for each un-
certain object, the direct evaluation complexity is O(n x m). So, big-
ger n and/or m would lead to sever requirements for computation time
and storage. To make our approach practical, we adopt an advanced
technique called Improved Fast Gauss Transformation (IFGT)[7] to
accelerate this process.

The core idea of IFGT is based on the fact that the Gaussian, es-
pecially in higher dimensions, decays rapidly so that the contribution



outside of a certain region can be ignored. And it uses the following
truncated multivariate Taylor expansion for factorization.
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Where x(*) is the expansion center, ¢ is the truncation degree, and o is
multi-index notation.

Finally, our acceleration process involves the following steps:

Step 1 Partition the m observation for an uncertain object into K
clusters such that the radius is less than ip; by using techniques such
as farthest-point clustering[3]. Here, p; is a controlling parameter.
The cluster centers will be used as the expansion centers later.

Step 2 Choose a big enough truncation degree ¢ such that the total
error is bounded by a given precision € .

Step 3 For each cluster center Cy, calculate the constant coefficients
of Taylor expansion.
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Step 4 For each sample point x € D, find its neighbor cluster centers
with radius less than hp, and compute the probability p(x) by:
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4.2 Computing Jensen-Shannon divergence

In continuous case, it is very difficult to evaluate Eq. (4) to compute
the Jensen-Shannon divergence between P and Q. However, with the
law of large number, we have:
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where {P1) P2 P61} ~ p(x), {QW, QP ..Q®)} ~ ¢(x), 5
and s; are the sample size. To make sure that the samples P; and Q;
mime samples drawn from the target distributions p(x) and ¢(x), we
use the Metropolis-Hastings algorithm[1] which is the most popular
Markov chain Monte Carlo (MCMC) method to generate samples.

In practice, we can further accelerate the computation by a simple
trick. For convenience, we refer to the subspace satisfying p(x) > 0
and g(x) > 0 as valid integration region D. Obviously, if D is empty,
we can simply set the Jensen-Shannon divergence between these ob-
jects as 1 without any sampling. This assumption can be easily proved
by Eq. (10). And to check whether ID is empty can be regarded as a
process to testify whether two high-dimensional bounding boxes are
overlapped. Here, a high-dimensional bounding box of an uncertain
object records the lowest and hight values of all observations associat-
ed with this object.

5 RESULTS AND DISCUSSIONS

We implemented our approach with C++ and conducted a large
amount of experiments on both synthetic datasets and real datasets
on a PC equipped with an Intel Core 2 Duo 3.0 GHz CPU, 4GB host
memory and an Nvidia GTX580 video card with 1GB video memory.

5.1 Generating synthetic dataset

To verify our approach, we followed the way that Jiang et al.[S] used
to generate our synthetic datasets. Roughly speaking, the generation
process is controlled by 4 parameters: the dimensionality d of the da-
ta space; the number of uncertain objects n; the number of observa-
tions m for each uncertain object; and the number of clusters k. Un-
certain objects belong to a same cluster i have the same mean value

u;i = 0.05i % and variance v; = 0.5, but with different distributions.
In this paper, three different types of distribution including the uni-
form distribution, the Gaussian distribution, and the inverse Gaussian
distribution are adopted. Finally, the j-th uncertain object is created by
setting its cluster as C; = j mod k and generating m samples following
a specific distribution randomly chosen from the three above.

5.2 Results with synthetic dataset
5.3 Results with real dataset

6 CONCLUSIONS
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